Examples of complete D-metric spaces are given in which every convergent sequence has at most two limits and in which there are convergent sequences with exactly two limits. Also an example of a complete D-metric space having a convergent sequence with infinitely many limits is given and, using the example, several fixed point theorems in D-metric spaces are shown to be false. Modifications of some of these theorems and their generalizations are obtained either by imposing restrictions on the number of limits of certain convergent sequences in the space or by assuming the sequential continuity of the D-metric in any two variables and the theorems so obtained are illustrated by means of examples.
Introduction
In this paper, we give examples (Examples 3.1 and 3.2) of complete D-metric spaces in which every convergent sequence has at most two limits and in which there are convergent sequences having exactly two limits. We also provide a simple example (Example 3.3) of a complete D-metric space in which there is a convergent sequence, which converges to every element of the space. Using the last one, we show that several fixed point theorems in D-metric spaces are false. In particular, we observe that Dhage [2, Theorem 2.1], Ahmad et al. [1, Theorem 4.2] , and Dhage et al. [3, Theorem 3.1] are false and we modify them. We provide examples to illustrate these modifications. Further, we obtain generalizations of these modifications.
Definitions
Definition 2.1 (see [2] ). Let X be a nonempty set. A function ρ : X × X × X → [0,∞) is called a D-metric on X if (i) ρ(x, y,z) = 0 if and only if x = y = z (coincidence); (ii) ρ(x, y,z) = ρ(p(x, y,z)) for all x, y,z ∈ X and for each permutation p(x, y,z) of x, y, z (symmetry); (iii) ρ(x, y,z) ≤ ρ(x, y,a) + ρ(x,a,z) + ρ(a, y,z) for all x, y,z,a ∈ X (tetrahedral inequality).
S. V. R. Naidu et al. 1971 Then (X,ρ) is a complete D-metric space. Further {1/n} converges to both 0 and 1. If a sequence {x n } in X converges to an element x 0 ∈ X\{0,1}, then x 0 is the unique limit of {x n }. In particular, a convergent sequence in X has at most two limits.
Proof. Clearly ρ is symmetric in all the three variables x, y, z and ρ(x, y,z) = 0 ⇔ x = y = z. Let x, y,z,u ∈ X. 
Subcase 3. 1 occurs exactly once among x, y, z.
Without loss of generality, we may assume that x = 1. Then y,z ∈ X\{1}. We may assume that z ≤ y.
and hence
If u = 1 and z = 0, then
(3.10)
Thus for all x, y,z,u ∈ X, we have
Hence ρ is a D-metric on X.
We are going to show that (X,ρ) is complete. Let {x n } be a Cauchy sequence in X.
Case 1. There exists N ∈ N such that x n = x N for all n ≥ N. In this case, evidently, {x n } converges to x N .
Case 2. There does not exist N ∈ N such that x n = x N for all n ≥ N. In this case, given N ∈ N, there exist i, j ∈ N such that i > j > N and x i = x j .
Subcase 1.
There exists α ∈ X such that x n = α for infinitely many n. Then given
Subcase 2. For any α ∈ X, x n = α for only finitely many n. Let ε be a positive real number. Choose a positive integer M such that (1/M) < ε. Let N 1 = sup{n ∈ N : x n ∈ {1, 1/2,1/3,...,1/M}}, where we adopt the convention that the supremum of the empty subset of R is zero. Since for any k ∈ N, 1/k ∈ X and x n = 1/k for only finitely many n, it follows that N 1 is a nonnegative integer. Let N = N 1 + 1. Then S. V. R. Naidu et al. 1973 0 ≤ x n < 1/M < ε for all n ≥ N since X = {0} ∪ {1/k : k ∈ N}. Hence {x n } converges to 0 in the usual sense.
For n,m ≥ N, we have
(3.12)
Hence {x n } converges to 0 with respect to ρ. Thus in any case, {x n } is convergent in X with respect to ρ. Hence (X,ρ) is complete. Evidently {1/n} converges to both 0 and 1. Let {x n } be a sequence in X such that it converges to an element x 0 of X\{0,1}. Since
Hence {x n } does not converge to 1. Let y ∈ X\{1}. For m,n ≥ N 0 , we have
Hence {x n } does not converge to y for any y ∈ X\{1,x 0 }. Hence x 0 is the only limit of If a sequence {x n } in X converges to an element x 0 ∈ X\{0,1}, then x 0 is the unique limit of {x n }. In particular, a convergent sequence in X has at most two limits.
Proof. Clearly, ρ is symmetric in all the three variables x, y, z and ρ(x, y,z
,z}, and so forth.
Case 2. 1 occurs among x, y, z.
Subcase 2. 1 occurs exactly twice among x, y, z. Without loss of generality, we may assume that
If z = 0 and u = 1, then
Case 1. x n = 1 for infinitely many n.
Given i ∈ N, we can choose j, k ∈ N such that k > j > i and x k = x j = 1 so that
Hence, x n = 0 for only finitely many n. Hence, there exists N ∈ N such that x n = 0 for all n ≥ N.
If x n = 1 for infinitely many n, then x n → 0 in the usual sense as n → ∞ among those n for which x n = 1.
For m,n ≥ N, we have
Hence, {x n } converges to 1 with respect to ρ.
On convergent sequences in D-metric spaces
Case 2. x n = 1 for only finitely many n and there exists α ∈ X\{1} such that x n = α for infinitely many n. Since x n = 1 for only finitely many n, there exists
Hence given an integer i ≥ N 0 , there exist j, k ∈ N such that k > j > i and
Hence {x n } converges to α.
Case 3. For any α ∈ X, x n = α for only finitely many n. Let ε be a positive real number. Choose a positive integer M such that (1/M) < ε.
x n ∈ {1, 1/2,1/3,...,1/M}}, where we adopt the convention that the supremum of the empty subset of R is zero. Since for any k ∈ N, 1/k ∈ X and x n = 1/k for only finitely many n, it follows that N 1 is a nonnegative integer.
Let
Hence {x n } converges to 0 in the usual sense. For n,m ≥ N, we have
Hence {x n } converges to 0 with respect to ρ. Thus in any case, {x n } is convergent in X with respect to ρ. Hence (X,ρ) is complete. Evidently, {1/n} converges to both 0 and 1. If a sequence {x n } in X converges to an element x 0 ∈ X\{0,1}, then it can be shown as in Example 3.1 that x 0 is a unique limit of {x n }.
We now give a simple example of a complete D-metric space having a convergent sequence, which converges to every element of the space.
is a ρ-Cauchy sequence and converges with respect to ρ to x for all x ∈ X.
Proof. We are going to prove that ρ is a D-metric on X. Clearly ρ is symmetric in all the three variables and ρ(x, y,z) = 0 ⇔ x = y = z. We note that ρ(x, y,z) ≤ 1/2 for all x, y,z ∈ X. Let x, y,z ∈ X and at least let two among x, y, z be distinct. We may assume that x ≥ y ≥ z. Then ρ(x, y,z) = y.
Let u ∈ X. When u ≥ y, ρ(u, y,z) = y; and when u < y, ρ(x, y,u) = y. Hence ρ(x, y,z) ≤ ρ (u, y,z) + ρ(x,u,z) + ρ(x, y,u) . Hence ρ is a D-metric on X.
We are going to show that (X,ρ) is complete. Let {x n } be a Cauchy sequence in X. 
This is a contradiction, since {x n } is a Cauchy sequence.
For m,n ∈ N and x ∈ X, we have
Hence {x n } converges to x for any x ∈ X with respect to the D-metric ρ. Hence (X,ρ) is a complete D-metric space.
Dhage [2] proved the following theorem. 
for all x, y,z ∈ X, and some α ∈ [0,1). Then f has a unique fixed point.
Remark 3.6. Example 3.7 shows that the existence part of fixed point of Theorem 3.5 is false.
Example 3.7. Let (X,ρ) be as in Example 3.3. Define f :
Further for all x ∈ X, { f n x} converges to every element of X, and hence has infinitely many limits.
Case 2. At least two among x, y, z are distinct. We may assume that
Evidently f has no fixed point and for any x ∈ X, { f n x} in X converges to every point of X.
The following is a modification of Dhage [2, Theorem 2.1].
Theorem 3.8. Let (X,ρ) be a bounded complete D-metric space and let f : X → X be such that ρ( f x, f y, f z) ≤ αρ(x, y,z) (3.40)
for all x, y,z ∈ X, and some α ∈ [0,1). Then for any x ∈ X, { f n x} is a D-Cauchy sequence. If there exists x 0 ∈ X such that { f n x 0 } has only a finite number of limits, then f has a unique fixed point.
We now illustrate Theorem 3.8 using the complete D-metric spaces given in Examples 3.1 and 3.2. Proof. Let x, y,z ∈ X. In view of the symmetry of ρ, it is enough to consider the following five cases.
Case 2. x = y = 1 and z = 1. Then
Case 3. x = 1, y = 0 and z = 1. Then
Case 4. x = 1 and 0 < z ≤ y < 1. Then
Example 3.10. Let (X,ρ) be as in Example 3.2. Define f : X → X and g : X → X as follows:
(3.47)
It can be verified that
for all x, y,z ∈ X.
For any x ∈ X\{0,1}, the sequences { f n x} and {g n x} are the same and converge to 0 and 1 only. While 0 is the fixed point of f , 1 is the fixed point of g in X.
Theorem 3.8 is a corollary of the following theorem.
Theorem 3.11. Let (X,ρ) be a D-metric space, let f be a self-map on X, and let ϕ : R + → R + be a monotonically increasing map such that ϕ n (t) → 0 as n → ∞ for each t ∈ R + . Suppose that
for all x, y,z ∈ X and that there exists Proof. Let x n = f n x 0 for all n ∈ N.
For nonnegative integers r and s, and n ∈ N, we have . . .
Hence from inequality (3.50) and the monotonic increasing nature of ϕ, we have ρ(x n ,x n+r ,x n+s ) ≤ ϕ n (M). Since ϕ n (M) → 0 as n → ∞, from the above inequality, it follows that {x n } is a ρ-Cauchy sequence. Suppose now that { f n x 0 } is convergent and has only a finite number of limits. Let S denote the set of all limits of { f n x 0 }. Then S is a nonempty finite subset of X. Since ϕ is a nonnegative real-valued monotonically increasing function on R + and ϕ n (t) → 0 as n → ∞, it follows that ϕ(t) < t for all t ∈ (0,∞) and Suppose that m 0 is a positive integer such that f m0−1 (S) has at least two elements. Let β=inf{ρ(x, y,z) : x, y,z ∈ f m0−1 (S) and at least two of x, y, z are different}. Since f m0−1 (S) is a finite set having at least two elements, {ρ(x, y,z) : x, y,z ∈ f m0−1 (S) and at least two of x, y,z are different} is a nonempty finite subset of (0,∞). Hence, there exist u,v,z ∈ f m0−1 (S) such that at least two of them are distinct and ρ (u,v,z) 
since β is a positive real number and ϕ(t) < t for all t ∈ (0,∞).
Hence from the definition of β, it follows that f u = f v = f z. Since f m0−1 (S) is finite, at least two of u,v,z are distinct and f u = f v = f z, it follows that f m0 (S) is a proper subset of f m0−1 (S). Since S is finite, from the above discussion, it follows that f n0−1 (S) is a singleton for some n 0 ∈ N.
Let f n0−1 (S) = {w}. Since f n0 (S) ⊆ f n0−1 (S), we must have f w = w.
Remark 3.12. Examples 3.9 and 3.10 illustrate Theorem 3.11. Ahmad et al. [1] proved the following theorem.
Theorem 3.14. Let (X,ρ) be a complete D-metric space. Let f and S be commutative selfmaps on X such that f is injective, S is surjective, and
for all x, y,z ∈ X, and some α ∈ [0,1). Then there exists a unique common fixed point of f and S.
Remark 3.15. Example 3.7 shows that Theorem 3.14 is false since the map f in the example is injective, the identity map I is surjective, f • I = I • f , and inequality (3.52) is true for all x, y, z in X with α = 1/2 and S = I. Theorem 3.14 remains valid if its hypothesis is strengthened by imposing the additional condition that (X,ρ) is bounded and that every ρ-Cauhy sequence in f (X) is convergent in S(X) and has a unique limit in S(X).
The following is a generalization of the modification of Theorem 3.14 suggested above. for all x, y, z in X and that every ρ-Cauchy sequence in f (X) is convergent in S(X) and has a unique limit in S(X). Then f and S have a unique common fixed point in X.
Proof. Let x 0 ∈ X. Since f (X) ⊆ S(X), there exists a sequence {x n } in X such that f x n = Sx n+1 for n = 0,1,2,.... Let y n = f x n . Since ϕ : R + → R + is monotonically increasing on R + and {ϕ n (t)} → 0 as n → ∞ for all t ∈ (0,∞), ϕ(t) < t for all t ∈ (0,∞). Hence ϕ(0+) = 0. Since {y n } converges to v and ϕ(0+) = 0, from the above inequality, it follows that {y n } converges to f u also. Since v is the only limit of {y n } in S(X) and f u ∈ f (X) ⊆ S(X), we must have f u = v. Hence f u = Su. Since f and S are partially commuting and f u = Su,
On taking x = y = u and z = f u, in inequality (3.53), we obtain
Thus f u is a common fixed point of f and S. From inequality (3.53), it is evident that f and S cannot have more than one common fixed point. Then (X,ρ) is a bounded complete D-metric space in which every convergent sequence has a unique limit.
S. V. R. Naidu et al. 1983 Define f :
Clearly f has a unique fixed point in X, namely, 0. Proof. Let {x n } be a ρ-convergent sequence in X. Let x, y be limits of {x n }. Since ρ is sequentially continuous in one variable, {ρ(x n ,x,x)} converges to ρ(x,x,x) as well as ρ (y,x,x) . Since a convergent sequence of real numbers has a unique limit, we must have ρ(y,x,x) = ρ(x,x,x). Hence ρ(y,x,x) = 0. Hence y = x. Hence every ρ-convergent sequence in X has a unique limit.
Remark 3.20. Since each of the D-metric spaces given in Examples 3.1, 3.2, and 3.3 contains a convergent sequence with several limits, the D-metric in any of these spaces is not sequentially continuous even in a single variable. It was observed by Naidu et al. [7] that a D-metric need not be sequentially continuous even in a single variable even when D-metric convergence defines a metrizable topology.
Notation 3.21. For a subset E of a D-metric space (X,ρ), E denotes the set of all x ∈ X such that there is a sequence in E which converges to x with respect to ρ.
Dhage et al. [3] proved the following theorem. The following two theorems are generalizations of the modification of Theorem 3.22 suggested above.
Theorem 3.24. Let (X,ρ) be a D-metric space, let f be a self-map on X, and let ϕ : R + → R + be a monotonically increasing map such that ϕ(t+) < t for all t ∈ (0,∞). Suppose that there exists x 0 ∈ X such that sup{ρ(x 0 , f i x 0 , f j x 0 ) : i, j ∈ N ∪ {0}} < +∞ and 
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